A systematic microscopic theory for the rheology of dense non-Brownian suspensions characterized by the volume fraction ϕ is developed. The theory successfully derives the critical behavior in the vicinity of the jamming point (volume fraction ϕ J ), for both the pressure P and the shear stress σ xy , i.e. P ∼ σ xy ∼γη 0 δϕ −2 , whereγ is the shear rate, η 0 is the shear viscosity of the solvent, and δϕ = ϕ J − ϕ > 0 is the distance from the jamming point. It also successfully describes the behavior of the stress ratio µ = σ xy /P with respect to the viscous number J =γη 0 /P .
Introduction
The physics of the rheology of suspensions begins with the seminal work by Einstein (Mewis & Wagner 2012; Einstein 1905) . He has shown that the effective shear viscosity η s (ϕ) defined by the ratio of the shear stress σ xy (ϕ) to the shear rateγ as η s (ϕ) = σ xy (ϕ)/γ is enhanced as η s (ϕ)/η 0 = 1+5ϕ/2+O(ϕ 2 ) in dilute suspensions, where ϕ is the volume fraction of the suspended particles and η 0 is the viscosity of the solvent. On the other hand, it has been empirically shown that η s (ϕ) behaves as η s (ϕ)/η 0 ∼ (ϕ m − ϕ) −2 near a critical volume fraction ϕ m in dense suspensions (Chong et al. 1971; Krieger 1972; Quemada 1977; Zarraga et al. 2000) .
Recently, the divergence of the shear stress σ xy is well studied in the context of the jamming transition, which is an athermal phase transition of dense disordered materials such as suspensions (Pusey 1991) , emulsions, foams (Durian & Weitz 1994) , and granular materials (O'Hern et al. , 2003 Otsuki & Hayakawa 2014; Coulais et al. 2014) . It is well established that the shear viscosity of non-Brownian suspensions which are insensitive to thermal fluctuations near the jamming point behaves as η s (ϕ)/η 0 ∼ (ϕ J − ϕ)
−λ with λ ≈ 2 and ϕ J the jamming volume fraction (Boyer et al. 2011; Bonnoit et al. 2010) , though numerical simulations for soft spheres exhibit λ ≈ 2.2 (Andreotti et al. 2012) or λ ≈ 1.67 − 2.55 (Kawasaki et al. 2015) , and a theoretical approach by DeGiuli et al. asserts λ ≈ 2.83 (DeGiuli et al. 2015) .
On the other hand, the pressure of suspensions P has been less investigated. Experi-mentally, it has been shown that the pressure viscosity defined by η n (ϕ) = P (ϕ)/γ exhibits η n (ϕ)/η 0 ∼ (ϕ J −ϕ) −2 (Deboeuf et al. 2009; Boyer et al. 2011; Cwalina & Wagner 2014; Dagois-Bohy et al. 2015) . This is non-trivial, since it differs from the pressure at equilibrium given by P (eq) (ϕ) = nT [1+4ϕg 0 (ϕ)], where n = 6ϕ/(πd 3 ) is the average number density, d is the diameter of the particle, T is the temperature, and g 0 (ϕ) is the radial distribution function at contact (Hansen & McDonald 2006) . Together with the relation g 0 (ϕ) ∼ (ϕ J − ϕ) −1 (Donev et al. 2005) , this leads to P (eq) (ϕ) ∼ nT (ϕ J − ϕ) −1 , which is inconsistent with the experimental observations for non-Brownian suspensions. To be consistent with the experimental expression P (ϕ) ∼ η 0γ (ϕ J − ϕ) −2 , we need to explain two non-trivial relations, i.e. P ∝γη 0 and P ∝ (ϕ J −ϕ) −2 . The former one, P ∝γη 0 , has been argued by phenomenological considerations (Jenkins & McTigue 1990; Nott & Brady 1994) or by microstructural and structure-property analyses (Brady & Morris 1997) . The latter one, P ∝ (ϕ J − ϕ) −2 , is more non-trivial. Several phenomenological models are proposed to explain this property (Zarraga et al. 2000; Mills & Snabre 2009 ), but practically it is merely given as an empirical law without a theoretical basis (Morris & Boulay 1999) .
Another rheological property of our interest is the stress ratio, µ = σ xy /P . It is known that µ converges to a constant in approaching the jamming point, while it varies as departure from the point, by experiments and simulations (GDR Midi 2004; Boyer et al. 2011; Kuwano & Hatano 2011; Irani et al. 2014; Dagois-Bohy et al. 2015; Kawasaki et al. 2015) . In fact, a constitutive equation for µ(J) = σ xy /P together with ϕ = ϕ(J), where J =γη 0 /P is the viscous number, is proposed and confirmed by experiments conducted with a pressure-imposed cell (µ-J rheology) (Boyer et al. 2011; Dagois-Bohy et al. 2015) . The reported result exhibits µ(J) = µ 0 + CJ 1/2 , where C is a constant and µ 0 is its value in the jamming limit, J → 0. However, there exists no theory to explain this law so far.
Derivation of the rheological properties of suspensions from a microscopic theory is difficult even for the shear viscosity. It has been shown by Brady and his coworkers that the effective self-diffusion constant satisfies D(ϕ) ∝ D 0 (ϕ m − ϕ), where D 0 = T s /(3πdη 0 ) with T s the solvent temperature, which is crucial to obtain η s (ϕ)/η 0 ∼ (ϕ m − ϕ) −2 for Brownian suspensions (Brady 1993; Brady & Morris 1997; Foss & Brady 2000) . However, this theory is not applicable to non-Brownian suspensions, because D(ϕ) is an increasing function of ϕ in non-Brownian suspensions (Leighton & Acrivos 1987a,b; Breedveld et al. 1998 Breedveld et al. , 2002 Heussinger et al. 2010; Olsson 2010) . Hence, an alternative framework is necessary for dense non-Brownian suspensions. In this paper, we attempt to derive the divergent behavior of the shear and pressure viscosities, η s /η 0 ∼ η n /η 0 ∼ (ϕ J −ϕ) −2 , and the µ-J rheology, µ(J) = µ 0 + CJ 1/2 , by means of a microscopic theory for an idealistic model of non-Brownian suspensions.
Basic equations and exact equations for the stress

Microscopic basic equations
We consider an assembly of N frictionless monodisperse spherical particles of diameter d contained in a box of volume V and immersed in a liquid of viscosity η 0 . A simple steady shear with shear rateγ is applied to the system. The coordinate is chosen such that the flow is in the x-direction and the velocity gradient is in the y-direction. We consider the overdamped equation of motion where r i andṙ i are the position and velocity of particle i, respectively, e x is the unit vector in the x-direction, F (p) i is the interparticle force exerted on particle i from other particles, and {ζ (N ) ij } N i,j=1 is the resistance matrix of the suspension, which depends on the configuration of the particles, {r i } N i=1 . Note that {ζ (N ) ij } N i,j=1 is a 3N × 3N matrix, where each component ζ (N ) ij is a 3 × 3 matrix. In particle suspensions, the inertia of the particles is absorbed by the background fluid and hence insignificant. Thus we neglect it in Eq. (2.1). We also neglect the rotation of the particles and the thermal fluctuating force exerted on the particles from the solvent in Eq. (2.1).
The time evolution of an arbitrary observable A(Γ ) is determined by the Liouville equationȦ (Γ (t)) =Γ · ∂ ∂Γ A(Γ (t)) := iLA(Γ (t)), (2.2) where iL is the Liouvillian. In simple shear flows, Γ is given by Γ = {r i ,
, where
is the peculiar velocity, which is the velocity in the sheared frame. For Eq. (2.1), iL is given by That is, in the overdamped motion, the acceleration is absent in the laboratory frame, i.e.r i = 0, but is present in the sheared frame, i.e.v i = 0. The Liouville equation of the microscopic stress tensorσ αβ (Γ ) (α, β = x, y, z) reads In simple shear flows, the only non-zero components ofσ αβ (Γ ) areσ xy (Γ ) and the diagonal ones, from which the microscopic pressure is given byP (Γ ) = −(σ xx (Γ ) + σ yy (Γ ) +σ zz (Γ ))/3. Note that we mainly consider the Cauchy stress, which contributes to the divergence at ϕ ≈ ϕ J , but it is possible to define the kinetic stress by the peculiar velocity.
Exact equations for the stress
Macroscopic equation of continuity of the stress tensor is obtained by multiplying Eq. (2.6) by the nonequilibrium distribution function f (Γ , t) and integrating over Γ ,
where
is the macroscopic average, ′ i,j denotes the summation over i and j with i = j, and the macroscopic stress tensor denotes
(2.10)
It might be noteworthy that the equation of continuity of the stress tensor, Eq. (2.8), is consisitent with that for the Enskog theory of moderately dense inertial suspensions . In fact, the two terms on the right-hand side (r.h.s.) of Eq. (2.8), which are proportional to ζ (N )−1 ij and originate from particle contacts, correspond to the collision integral terms in the Enskog theory.
3. Approximate expression of the interparticle force for dense frictionless hard spheres
To proceed, let us derive the specific form of the interparticle force
) for dense frictionless hard spheres. For dense spheres where all of them are at or close to contact, we can expect that the far-field part of
) does not contribute and only the lubrication part, which is well approximated by the sum of the two-body terms ← → ζ (2) lub (r ij ), is significant (Kim & Karrila 2005; Seto et al. 2013; Mari et al. 2014) . Thus, we approximate the resistance matrix
where the first term on the r.h.s. with ζ 0 := 3πη 0 d and I the unit matrix is Stokesean one-body drag force. This leads to the approximate equation of motion
Then, accordingly, the interparticle force should be well approximated by a sum of twobody forces,
ij is the two-body force exerted on particle i from j. The dynamics of interacting two spheres is schematically described in Fig. 2 . When the approaching two spheres get in contact (a), they slide in the tangential direction until they are aligned in the velocitygradient direction (b), and then depart (c). In general, there are not only two but multiple of particles in contact, but every pair slides mutually in the tangential direction until their departure, so it is reasonable to consider the dynamics as a superposition of the twobody counterpart. Indeed, the simulation in terms of Stokesean dynamics is performed in terms of the superposition of the two-body interactions (Seto et al. 2013; Mari et al. 2014) . Hence, it is sufficient to consider the two-body dynamics to determine F (p) ij . Let us consider two spheres i and j at contact. The equation of motion of the two spheres is given by
where we have utilized F
lub is explicitly given by (Jeffrey & Onishi 1984) ← → ζ
where ζ 0 := 3πη 0 d, δr ij := r ij − d, and P ij :=r ijrij , P
lub exhibits singularities of the form ǫ −1 and ln ǫ −1 , where ǫ is a cut off which is physically interperted as e.g. surface roughness. In this work we keep ǫ finite and do not consider these singularities. Then, Eq. (3.4) is given by
By subtracting the two equations, Eq. (3.7) reduces into
where the r.h.s. consists of Stokesean drag force (first term), the normal lubrication force (second term), and the tangential lubrication force (third term). These three terms are of the order of 1, ǫ −1 , and ln ǫ −1 , respectively. The second term is dominant for ǫ ≪ 1, so Eq. (3.8) is reduced to
For hard spheres, the relative velocity of i and j is in the direction perpendicular tô r ij in order not to overlap, i.e.r ij ·ṙ ij = 0 or P ij ·ṙ ij = 0 (cf. Fig. 2(a) ). Then we obtain
where we have defined 
results in an important feature that the spatial correlations are expressed solely by (Donev et al. 2005) (3.13) where there is no dependence on its spatial derivative, g ′ (r), because our dynamics inhibits the overlap of the contacting particles.
Furthermore, in order for F (p) ij to be a repulsive force,x ijŷij < 0 is necessary. Hence, we introduce a projection operator (3.14) to assure this property,
Here, Θ(x) is Heaviside's step function, i.e. Θ(x) = 1 for x > 0 and Θ(x) = 0 otherwise. The projection operator in Eq. (3.15) implies that F (p) ij is non-zero only when the separation vector of the contacting two spheres r ij := r i − r j is in the compression quadrant (cf. Fig. 1 ). This results from the approximation where we have neglected the first and third terms in the r.h.s. of Eq. (3.8). In fact, these two terms are in general non-zero, irrespective of the direction of r ij . Hence, although the direction of r ij can be in any direction in dense suspensions, the dominant contribution of the interparticle force comes from configurations where r ij is in the compression quadrant.
To summarize, the equation of motion for dense hard-sphere suspensions is reduced to (3.16) where the two-body interparticle force F (p) ij is given by Eq. (3.15), and the summation is over the contacting particles. Note that Eq. (3.16) is exact, under the assumption that the interparticle force is expressed as a superposition of two-body forces, Eq. (3.3), and hydrodynamic forces other than the lubrication force are neglected, Eq. (3.1).
In Eq. (2.8), not only the interparticle force F (p) i but also the inverse of the resistance matrix ζ (N )−1 ij should be evaluated. We assume that ζ (N )−1 ij can be approximated by the sum of the two-body mobility matrix
for dense suspensions. Let us consider the two-body dynamics to evaluate the r.h.s. of Eq. (3.17), where ← → M (2) is explicitly given by (Rotne & Prager 1969 )
(3.20)
Here, P ij :=r ijrij and P ′ ij := I −r ijrij are projection operators, as defined before. At contact, Eq. (3.18) is explicity written by
where we have utilized the projection properties,
which follow from F (p) ij ∝r ij , and r ij ≈ d. Hence, Eq. (3.17) is evaluated as 22) where the summation is over the contacting particles. 
where we have introduced 
From Eqs. (2.8), (4.1), and (4.4), we obtain an approximate equation for the stress evolution:
4.1. Grad's 13 momentum-like expansion To obtain the stress tensor from Eq. (4.5), it is still necessary to have the distribution function f (Γ , t) at hand to evaluate the statistical averages on the r.h.s. However, the exact expression of f (Γ , t) for many-body problems is unknown and thus we should resort to approximations. Here we adopt Grad's 13-moment-like expansion for f (Γ , t). This method is well established to approximate the distribution function in the kinetic theory of dilute or moderately-dense gases (Grad 1949; Herdegen & Hess 1982; Jenkins & Richman 1985b,a; Tsao & Koch 1995; Sangani et al. 1996; Garzó 2002; Santos et al. 2004; Kremer 2010; Garzó 2013; Chamorro et al. 2015; , 2016 . It is an expansion in terms of the heat and stress currents in addition to the five conserved currents for the collisional invariants. For simple shear without spatial inhomogeneity, the current for the heat and the conserved quantities are negligible, and hence the velocity distribution function is dominated by the stress current, 6) where summation over repeated indices α, β is taken, e.g. σ αα := tr(σ αβ ) = σ xx + σ yy + σ zz . Here,σ
αβ (v) := −mv α v β /V is the microscopic kinetic stress, where m and v are the mass and velocity of the particle, Π (K)
αα /3 are the macroscopic kinetic stress and the pressure,
αα /(3n) is the kinetic temperature, where n is the average number density, and f eq (v) is the equilibrium distribution function. Note that the kinetic pressure satisfies the relation P (K) = nT K . This distribution function gives reasonably precise description of nonequilibrium gases, e.g. continuous as well as discontinous shear thickening (Chamorro et al. 2015; , 2016 . It is also notable that Eq. (4.6) satisfies the Green-Kubo formula within the BGK approximation (Hayakawa & Takada 2016) , while it further incorporates the normal stress differences, which is not the case for the Green-Kubo formula.
The distribution function Eq. (4.6) cannot be directly applied to dense non-Brownian suspensions, where the Cauchy stress dominates the kinetic stress. A possible extension of this expansion for non-Brownian suspensions would be
, and the kinetic stress is replaced by the Cauchy stress. Here,
is the normalized deviatoric stress and the appropriate definition of the temperature T for non-Brownian suspensions will be discussed in Sec. 4.4. Here it is postulated that the distribution function is factorized into peculiar velocity-dependent and positiondependent parts, where the peculiar velocity-dependent part can be approximated by Gaussian, f eq (Γ v ), and the position-dependent part is approximated by an expansion around equilibrium, f eq (Γ r ), with the stress current. This expansion around equilibrium is non-trivial for non-Browninan suspensions, where the equilibrium state is absent. Nonetheless, we will show in Sec. 6 that the velocity distribution is nearly Gaussian and thus the factorization of Eq. (4.7) seems to be valid, and the expansion of the position distribution with the stress current is applicable for the evaluation of the stress. From Eq. (4.7), the macroscopic average of an arbitrary observable A(Γ r ) which depends on Γ r is given by
where the first term on the r.h.s. is the canonical term with
and the second term is its non-canonical correction. Note that Eq. (4.9) is formally equivalent to the multiple relaxation-time approximation of the Green-Kubo formula (Suzuki & Hayakawa 2015) , where the dimensionless tensor Π αβ plays the role of the multiple relaxation times.
Approximate expressions
Let us evaluate the two averages on the r.h.s. of Eq. (4.5) via the approximate formula Eq. (4.9). Detailed evaluation of the averages is shown in Appendix B.1. These two averages are written as sums of terms of the form 
Note thatσ ρσ depends on the relative coordinate, e.g. r lm , but either l or m must be identical to e.g. i; otherwise the correlation decouples and vanishes. Hence, the nonequilibrium term is given by
which can be decomposed into four-, three-, and two-body correlations as
Here, the four-, three-, and two-body terms are given by
respectively, where g (4) (r, r ′ , r ′′ ) and g (3) (r, r ′ ) are the quadruplet-correlation function (Hansen & McDonald 2006) 
and the triplet-correlation function (Hansen & McDonald 2006) (4.19) and the summations ′′ i,j,k , and ′′′ i,j,k,l are performed over different particles. For instance, ′′ i,j,k is performed for i, j, k with i = j, j = k, and k = i. In the spatial integrations over g(r), g (3) (r, r ′ ), or g (4) (r, r ′ , r ′′ ), it is crucial that these correlation functions are accompanied by the delta functions
respectively. This feature can be explicitly traced back in Eq. (4.5), and is a consequence of the hard-core collision of the particles, Eq. (3.15). This implies that only the contact values of the correlation functions contribute. By virtue of this feature, we can conveniently approximate g (3) (r, r ′ ) and g (4) (r, r ′ , r ′′ ). Let us consider g (3) (r, r ′ ) for illustration. First of all, we adopt the factorization approximation (Kirkwood 1935) 
Although this approximation is not accurate in general, it has been argued that it is valid at contacts, where r, r Alder 1964; Grouba et al. 2004 ). Furthermore, we have shown in (Suzuki & Hayakawa 2015) that only the radial contacts contribute to the divergence in the vicinity of the jamming point, i.e.
for r, r ′ , r ′′ ≈ d, as far as divergence is concerned. We will examine the validity of the factorization approximation for the evaluation of the stress in Sec. 6.
These approximations, together with g(r)δ(r − d) = g 0 (ϕ)δ(r − d), enable us to express the two averages on the r.h.s. of Eq. (4.5) in terms of polynomials of the radial distribution function at contact, g 0 (ϕ). From tedious but straightforward calculation as shown in Appendix B.1 and B.2, we reach the approximate equation of the stress (4.22) where the two terms with coefficients S and ϕ * = 6ϕ/π = nd 3 denotes the dimensionless number density.
Implications of the symmetry
A specific feature of non-Brownian suspensions under simple shear is the symmetry under the parity "x → −x andŷ → −ŷ", which follows from P(x,ŷ) introduced in Eq. (3.14). This implies that only the parity-even terms in Eq. where dS · · · expresses an angular integral with respect tor. As a consequence of this property we have
The terms proportional to g 0 (ϕ) 3 in Eq. (4.22), which are cubic with respect tor, vanish because of Eq. (4.25),
(4.26)
The same observation holds for the canonical terms proportional to g 0 (ϕ) 2 , which are also cubic inr,
(4.27) From Eqs. (4.26) and (4.27), Eq. (4.22) reduces to 28) or, explicitly in components,
where the matrices A (m) (m = 1, 2) and the vector B are given by Eqs. (D64)-(D66). Note that Π αβ is given by Eq. (4.8) and hence Eq. (4.29) is a closed set of equations for P , σ xy , σ xx , and σ yy .
Note that Eq. (4.28) includes terms proportional to g 0 (ϕ) 2 or g 0 (ϕ). Hence, we decompose the stress tensor as σ αβ = σ
, because Eq. (3.13) suggests that it is separable near the jamming point. Then, Eq. (4.28) is casted into two equations, each for σ (2) αβ and σ
Here, we have introduced Another implication of the symmetry is that the uniform profile of the velocity distribution is maintained. This issue is discussed in Appendix G.
Interpretation of the temperature
In contrast to the case of the kinetic theory of dilute and moderately dense gases, or even dense inertial suspensions near the jamming point, the determination method of the temperature T is not clear for non-Brownian suspensions. As discussed in Sec. 4.1, in the kinetic theory, the temperature is determined by the equation of state P (K) = nT K , where P (K) and T K are the kinetic pressure and the kinetic temperature, respectively. We attempt to introduce the temperature by the Cauchy stress, which dominates the kinetic stress in dense non-Brownian suspensions. Because T appears in the positiondependent part in Eq. (4.7), T should be defined by the position-dependent Cauchy stress. Note that T determines the magnitude of the nonequilibrium correction of the distribution function, Eq. (4.7). Accordingly, Λ introduced in Eq. (4.23) determines the nonequilibrium correction of the stress, Eq. (4.28) or (4.29). In this paper, let us introduce T by the equation of state
where P (eq) is the equilibrium part of the pressure determined from Eq. (4.28), (4.29), or (4.31) with Λ = 0. In other words, P (eq) can be estimated only by f eq (Γ r ) in Eq. (4.7). The solution of Eq. (4.31) is given in Eqs.(D 2), (D 3) in Sec. D.1, from which we obtain P (eq) as (P (1) with Λ = 0)
where ϕ * = 6ϕ/π. Thus, from Eqs. (4.33) and (4.34), we obtain
where we have approximated 1 + 2ϕg 0 (ϕ) ≈ 2ϕg 0 (ϕ) in the second equality. This determines Λ as 36) which is independent of dimensional physical variables such asγ, d, or η 0 , and is merely a number. This value is larger than the value Λ = 0.04 determined by fitting the absolute values of the shear and pressure viscosities to the result of MD simulation (cf. Secs. 4.5 and 5). This might be due to the fact that ζ in Eq. (4.36) is not equivalent to ζ 0 which sets the magnitude of the viscosities in MD simulation. In fact, ζ is given by Eq. (4.3) as ζ = 3ζ 0 /(128ǫ 2 ), where ǫ ≪ 1 is the magnitude of the separation of contacting particles. The ratio ζ/ζ 0 = 174/0.04 corresponds to ǫ ≈ 0.002, but since we cannot determine the magnitude of ǫ in our framework, we will leave Λ as a fitting paramter.
The important implication of Eq. (4.35) is 37) which is consistent with the "effective temperature" of suspensions (Ono et al. 2002; Eisenmann et al. 2010 ) defined via the Stokes-Einstein relation, D = T eff /(3πd η 0 ), where D is the diffusion coefficient. It has been shown by experiment (Leighton & Acrivos 1987a,b; Breedveld et al. 1998 Breedveld et al. , 2002 Eisenmann et al. 2010 ) and simulation (Foss & Brady 1999 
In particular, the normalized shear viscosity η * s := η s /η 0 and pressure viscosity η * n := η n /η 0 are given by
where Λ = 0.04 is adopted, which is determined by fitting the absolute values of η * s and η * n to the results of the MD simulation shown in the next section. The empirical formula Torquato 1995 ) is adopted, from which we obtain g 0 (ϕ) ≈ 0.848 δϕ −1 for ϕ J = 0.639. Although it is widely recognized that ϕ J ≈ 0.64 for monodisperse frictionless hard spheres without any solvent, it has been reported that the value of ϕ J is not uniquely identified and depends on the protocols used to generate the jammed configurations (Ciamarra et al. 2010) . In this work, we adopt ϕ J = 0.639, which is obtained by the conjugate-gradient protocol ( 43) or, equivalently,
From Eqs. (4.40) and (4.41), we obtain the stress ratio µ as
Note that µ in the jamming limit, µ(J → 0) = 0.163, is independent of Λ.
Comparison with simulation and previous results
We compare our theory with the MD simulation and previous results. We adopt the algorithm for Brownian hard spheres (Scala et al. 2007 ) applied at zero thermal fluctuations for the MD simulation. By this choice the only source of the velocity We show the results for the normalized shear viscosity η * s , Eq. (4.40), pressure viscosity η * n , Eq. (4.41), and the stress ratio µ, Eq. (4.45), in Fig. 3 . As is already mentioned, we adopt Λ = 0.04 as a fitting parameter for η * s and η * n . In the dense region, the theory predicts η * s ∼ η * n ∼ δϕ −2 in accordance with the MD result, and the stress ratio approaches µ(J → 0) = 0.163, which is also in good agreement with MD. Because there exists slight difference between η * s and η * n for finite δϕ, we find that µ depends on J or δϕ (µ-J rheology). A reasonable agreement between our theory and MD is found, though the applicability for large J in our theory is questionable (see Appendix D.2).
We compare our theory with previous results. It is notable that Eqs. (4.43) and (4.45) are consistent with the experimental results δϕ ∝ J 1/2 and µ(J → 0) ≈ 0.32 (Boyer et al. 2011) . Discrepancy in the value of µ(J → 0) might be caused by the friction or the hydrodynamic interaction between the particles. A comparison of the pressure viscosity with experimental results (Deboeuf et al. 2009; Dagois-Bohy et al. 2015) shows an agreement within a factor of 2 (see Fig. 4) , and a comparison with empirical relations (Morris & Boulay 1999) also shows good agreement (see Appendix E). Next we discuss the results for the normal stress differences. The two normal stress differences, N 1 = σ xx − σ yy and N 2 = σ yy − σ zz , are evaluated at O(g 0 (ϕ)
2 ) as
. From these we see that N 1 < 0, N 2 > 0, and N 1 /N 2 ≈ −1.9, N 2 /P ≈ 0.9, which are independent of Λ. This is consistent with the experimental observation that N 1 < 0, N 2 > 0, and N 1 /N 2 = −2 (Laun 1994). It should be noted, however, that the magnitudes and even the signs of the normal stress differences are controversial. For instance, Lootens et al. (2005) report that the sign of N 1 depends on the volume fraction, and Mari et al. (2014) exhibit N 2 < 0 and |N 2 | ≫ |N 1 |, while Cwalina & Wagner (2014) assert N 1 , N 2 < 0 and |N 1 | ≈ |N 2 |. The pressure and the normal stress differences can be expressed in the form P =γη 0 η n (1 + λ 2 + λ 3 )/3, N 1 = −γη 0 η n (1 − λ 2 ), and N 2 = −γη 0 η n (λ 2 − λ 3 ), where λ 2 := σ yy /σ xx and λ 3 := σ zz /σ xx (Morris & Boulay 1999) . From Eq. (D 1), we obtain λ 2 ≈ 0.08, λ 3 ≈ 0.56, which are also independent of Λ. The value of λ 3 is close to the value 1/2 determined in Morris & Boulay (1999) . The value of λ 2 is left controversial as in Morris & Boulay (1999) , but the assumed values such as 0.6, 0.8, or 1.0 are significantly larger than 0.08 in Morris & Boulay (1999) .
Finally we clarify the difference between Brownian and non-Brownian suspensions. It is crucial in Brownian suspensions that the effective (long-time) self-diffusion constant D ∞ (ϕ) vanishes at the jamming point, D ∞ (ϕ) ∼ δϕ = ϕ J − ϕ, since the shear stress scales as σ xy ∼ g 0 (ϕ)/D ∞ (ϕ) (Brady 1993) . In contrast, the above argument is not valid for non-Brownian suspensions. In fact, it is reported that D ∞ (ϕ) increases as the density is increased and saturates at the jamming point (Leighton & Acrivos 1987a,b; Breedveld et al. 1998 Breedveld et al. , 2002 Heussinger et al. 2010; Olsson 2010) . This feature can be understood from the fact that, in non-Brownian suspensions, the source of the non-affine displacement is the contact interaction between the particles, rather than the fluctuating force from the solvent. It is obvious that the contact interaction is more significant in dense suspensions, which results in larger D ∞ (ϕ). This feature can be seen in the trajectory of randomly sampled particles shown in Fig. 5 . This clearly suggests that σ xy ∼ δϕ −2 is not the consequence of the diffusion constant in non-Brownian suspensions. Although the density dependence is similar, the underlying physics of the rheology is distinct for Brownian and non-Brownian suspensions.
Validation of the postulates
In this section we articulate the crucial postulates of our theory and report the results of the simulations performed for their verification. The postulates are (i) the factorization of the distribution function into the peculiar velocity-dependent and position-dependent parts,
(ii) Grad's 13 momentum-like expansion of the position-dependent distribution function, Eq. (4.7), which is an expansion around thermal equilibrium, (iii) the factorization approxmation of the multi-body correlations used in Eqs. (4.20) and (4.21).
Peculiar velocity distribution function
The distrution of the peculiar velocity v i =ṙ i −γy i e x is measured by MD simulation. As shown in Fig. 6 , the peculiar velocity distribution function is nearly Gaussian in spite of the absence of any inertial effect in the dynamics. This result implies that the factorization of the distribution function assumed in Eq. (4.7) is valid. The result of our simulation supports another theoretical assumption that the base state is nearly equilibrium.
Grad's 13 momentum-like expansion and factorization of multi-body correlations
We validate the expansion of the distribution of the position with the stress current, Eq. (4.7). For this purpose, we consider the radial distribution function at the steady state, gγ(r), which is anisotropic under shear. It is given by
From Eq. (4.7), after trivially integrating out f eq (Γ v ), we obtain
where g(r) is the radial distribution function at equilibrium. By substituting the expression for the stressσ αβ , Eq. (2.7), and that for the interparticle force F (p) ij therein, Eq. (3.8), we obtain
In the second equality, we have utilized r ik,β δ(r ik − d) = dr ik,β δ(r ik − d). Equation (6.3) is expressed in terms of the triplet-correlation function g (3) (r, r ′ ), Eq. (4.19), as
We apply the factorization approximation to g (3) (r, r ′ ),
which leads to
Here, h(r) = g(r) − 1 is the pair correlation function, and dS ′ · · · denotes angular integral with respect tor ′ . Let us consider the angular dependence of the contact value of the radial distribution function in the (x, y)-plane. From Eq. (6.6), this is given by
where θ is the angle ofr with respect to the x-axis, and θ = 135 and 45 degrees are the directions of compression and extension, respectively (cf. Fig. 7) . We adopt the approximate formula for the delta-function contribution of h(r) (Donev et al. 2005) , Fig. 8 . The left-hand side (l.h.s.) is the radial distribution function at the steady state and measured by MD simulation (circles). The conditions for the simulation are described in the caption. The angular integration on the r.h.s. has been evaluated as a double integral with respect to the two angles (φ 1 , φ 2 ), where cos φ 1 =r ·r ′ and φ 2 is the azimuthal angle ofr ′ aroundr. These angles are bounded in the range π/3 < φ 1 < π and 0 < φ 2 < 2π, respectively. The region 0 < φ 1 < π/3 is excluded to avoid overlap. The contact value of the equilibrium radial distribution function, g(d), is given by g 0 (ϕ) ≈ 0.848/(ϕ J − ϕ) for ϕ J = 0.639, which is approximately 100 for ϕ = 0.63. The result for the r.h.s. shown in solid line in Fig. 8 is reduced to 1/3 to fit the amplitude. We see that the peak in the compression direction (θ = 135 degrees) is captured by the theory, although the peak in the direction θ = 0 degrees is not. The reason why the theory still reasonably predicts the stress is that the particles in contact with θ = 0 degrees does not contribute to the stress, because they are driven with the same velocity by the uniform shear.
For futher validation, we have measured the r.h.s. of Eq. (4.7) directly by MD simulation. We measure the distribution of the microscopic stressσ αβ with respect to the angle of the separation vector r ij , which resides in the (x, y)-plane. To extract the contribution from the contacting pairs, we have assigned 1 to f eq (r ij ) when the two particles are in contact, and 0 otherwise. The factor of (π/180) 2 /N n × ∆r∆θ∆φ is multiplied to obtain values which correspond to the radial distribution function. Here φ is the angle of r ij around the x-axis and ∆r, ∆θ, ∆φ are the size of the bins in each direction. The result is shown in squares in Fig. 8 . We see that the directly measured distribution has the same tendency with the theoretically evaluated distribution, i.e. both exibit a peak in the compression direction, θ = 135 degrees, but the peak in θ = 0 degrees is not visible.
It should be noticed that the directly measured distribution does not reflect the factorization approximation, Eq. (6.5). Hence, this result implies the validity of Eq. (6.5). As a check for the four-body correlation, we have measured the four-point susceptibility, χ 4 , by MD simulation (cf. Appendix I). The result is shown in Fig. 9 . We see that no divergence is found in χ 4 near the jamming point. This implies that the divergence of the stress is determined by the divergence of the radial distribution function at contact, g 0 . Thus, our theoretical treatment based on the factorization approximation is sufficient to discuss the singularities of the stress at the jamming point.
Discussions
First we discuss the hydrodynamic effects. We have formuated the theory by the resistance matrix ← − → ζ (N ) to include the hydrodynamic effects. In our formulation, which focuses on the proximity effects of the particles, the far-field part of ← − → ζ (N ) drops out, and the lubrication part ← → ζ
lub is taken into account. Although we have compared the theory and the MD simulation for the simplified case where
lub is proportional to the unit tensor, it is possible to do so for a more generic case. This is left for future work.
Next we discuss the effect of the contact force of the particles. In this work we have considered frictionless spheres, but it is reported that the exponent of the divergence λ depends on the friction between the particles; λ = 1.6 for frictionless spheres, while λ = 2.4 in the strong friction limit (Mari et al. 2014) . Note that the jamming density ϕ J used in Mari et al. (2014) is 0.66, which reduces the exponent. Extension of this work to frictional particles is necessary to addrerss this issue (Saitoh & Hayakawa 2017) .
In the course of the derivation, we have assumed a separation between O(g 0 (ϕ)) 2 and O(g 0 (ϕ)) terms as in Eqs. (4.30) and (4.31). This assumption is valid when the magnitudes of O(g 0 (ϕ)) 2 and O(g 0 (ϕ)) terms are well separated, which holds for larger Λ or ϕ closer to ϕ J (δϕ closer to zero). For the case Λ = 0.04, this separation is reasonable only for δϕ < 0.001, so the applicability below the jamming point must be perceived restricted than presented, as shown in Appendix D.2.
Finally, we compare our theory with DeGiuli et al. (2015) , which derives constitutive laws δϕ(J) ∼ J bϕ i.e. η n ∼ δϕ −1/bϕ and µ(J) − µ 0 ∼ J bµ with b ϕ = b µ ≈ 0.35, under the assumption that η s and η n diverges identically. The equality b ϕ = b µ suggests δϕ ∼ δµ, which is consistent with our theory, Eq. (4.45), but the exponent of the divergence 1/b ϕ ≈ 2.83 differs from our prediction 2. Their exponent relies on g ′ (r) for r > d, so it might be applicable to soft-core systems (Kawasaki et al. 2015) . However, this is incompatible with hard spheres, because of Eq. (3.15). Note that their model does not consider the hydrodynamic interactions.
Concluding Remarks
In this paper, we have derived approximate analytic formulas for the shear viscosity η s , pressure viscosity η n , and the stress ratio µ for dense non-Brownian suspensions, valid at ϕ ϕ J . These formulas are derived from the microscopic overdamped equation of motion for suspended frictionless hard spheres, taking into account the proximity lubrication effect of the hydrodynamic interactions, and the approximate distribution function which is an extension of Grad's 13 momentum-like expansion. We have perfomed MD simulations and confirmed that our theory successfully derives the relations η s /η 0 ∼ η n /η 0 ∼ δϕ −2 and µ − µ 0 ∼ δϕ, where δϕ = ϕ J − ϕ and µ 0 ≈ 0.16.
We derive explicit expressions for the second term on the r.h.s. of Eq. (2.8), which includes a derivative of the interparticle forces. Note that collisions take place only when the interparticle distance is equal to the diameter in assemblies of hard spheres. Hence, the derivative acts only on the angular coordinates, e.g.
Here, the derivative of Θ(−xŷ) = Θ(x)Θ(−ŷ) + Θ(−x)Θ(ŷ) vanishes since it yieldsxδ(x) orŷδ(ŷ). This is explicitly confirmed bŷ
where each term includesxδ(x) orŷδ(ŷ). From Eq. (A 1), the third term on the r.h.s. of Eq. (2.8) is evaluated as
where r j,β is casted into a relative coordinate r ij,β in the third equality,
2)). Note that relative coordinates, e.g. r ij,β , are expressed in terms of normalized relative coordinatesr ij,β as r ij = dr ij,β , due to the delta function δ(r ij − d). If we further substitute F (p)
ij,λ is given by Eq. (3.15), we obtain
This can further be casted in the form 
Appendix B. Approximation of the force correlations
First we derive approximate expressions for the force correlations which appear on the r.h.s. of Eq. (4.5), by means of the approximate formula Eq. (4.9). Then we apply the factorization approximation to the multi-body correlations to obtain the final appriximate expressions.
B.1. Application of Grad's 13 momentum-like expansion
B.1.1. Canonical terms
Let us consider the first term on the r.h.s. of Eq. (4.5) for illustration. The second term can be evaluated in parallel. The corresponding canonical term, i.e. the first term on the r.h.s. of Eq. (4.9), includes three indices i, j, k for the particles. This can be decomposed into three-and two-body correlations as follows,
, and ∆ αβ ij is given by Eq. (4.2). Here, the summation i,j,k ′′ is performed over (i, j, k) where all the indices are different, i.e. i = j, j = k, and k = i, and the summation i,j ′ is done for i = j. The two-body correlation term (second term) is obtained by setting j = k in the three-body correlation term (first term). Equation (B 1) can be further expressed as
where Θr = Θ(−xŷ) and g (3) (r, r ′ ) and g(r) are the triplet-and pair-correlation functions, respectively (cf. Eq. (4.19)). Similarly, the canonical term for the second term on the r.h.s. of Eq. (4.5) is given by
B.1.2. Non-canonical terms
Similarly to the canonical terms, let us consider the first term on the r.h.s of Eq. (4.5) for illustration. The second term can be evaluated in parallel. We consider the corresponding non-canonical term, i.e. the second term on the r.h.s. of Eq. (4.9). This term includes five indices i, j, k, l, m for the particles as follows, .2)). If the particles l, m differ from any of the particle i, j, or k, the correlation decouples and vanishes due to σ ρλ eq = 0. Hence, particle l or m must be equal to at least one of the particles i, j, or k. Let us choose l to be equal to i, and redefine m as l, 
where the summation i,j,k,l ′′′ is performed over (i, j, k, l) with all the indices different with one other. Note that r i,λ is converted to r il,λ by virtue of the odd parity with respect to the exchange i ↔ l. This conversion allows us to express this term only in relative coordinates.
The three-body correlation is obtained by setting l equal to j or k in Eq. (B 6). Let us choose l to be equal to j,
Here, r i,λ should be converted to r ij,λ or r ik,λ , in order for this term to be expressed only in relative coordinates. By noting that this term is even with respect to the exchange i ↔ j and odd with respect to i ↔ k, r ij,λ vanishes and r ik,λ survives. Hence, we obtain (three-body correlation)
Finally, the two-body correlation is obtained by setting k = j in the expression for the three-body correlation. This is given by (two-body correlation)
From Eqs. (B 6), (B 8) , and (B 9), we obtain
Similarly, the canonical term for the second term on the r.h.s. of Eq. (4.5) is given by
B.2. Factorization approximation
The first and second terms on the r.h.s. of Eq. (4.5) is expressed as spatial integrations of the correlation functions g (4) (r, r ′ , r ′′ ), g (3) (r, r ′ ), and g(r) by means of the approximate formula Eq. (4.9), as is shown in Eqs. (B 2), (B 3), (B 10), and (B 11 ). To proceed, it is necessary to adopt approximations for g (4) (r, r ′ , r ′′ ) and g (3) (r, r ′ ), which are difficult to evaluate. As expalined in Sec. 4.2, we adopt the following approximations which are valid for the evaluation of divergences in the vicinity of the jamming point, 
B.2.1. Canonical terms
By applying Eq. (B 13) to Eq. (B 2), the radial integrations can be performed straightforwardly. Thus we obtain
where ϕ * = n(ϕ)d 3 = 6ϕ/π is the dimensionless average number density, and the angular integrals S
(1:c2) αβ and S
(1:c1) αβ are given by
Here, dS · · · and dS ′ · · · are angular integrals with respect tor andr ′ , respectively. Equation (B 3) can be evaluated similarly. The result is synthesized as follows,
where the angular integrals S (2:c2) αβ , S (2:c1) αβ are given by 
Here, the angular integrals are given by
Equation (B 11) can be evaluated similarly. The result is synthesized as follows, are given by the angular integrals. In this section, we evaluate the elements of B and A (m) (m = 1, 2). In the course of the evaluation, there appears integrals of the form
)
where dS · · · and dS ′ · · · denote angular integrals with respect tor andr ′ , respectively. The values for A pqr;stu and B pqr for various combinations of (p, q, r) and/or (s, t, u) are collected in Appendix H.
C.1. Equation for the shear stress
We consider the case (α, β) = (x, y) in Eqs. (4.30) and (4.31). Let us begin with the evaluation of the non-canonical term with l = 1,
Reminding the implications of the symmetry, Eqs. 
xy , (C 8)
Here, we have utilized the relation Π zz = −(Π xx + Π yy ). Similarly, the term for l = 2 can be evaluated as
The coefficients of the canonical term in Eq. (4.31) are evaluated as
Hence, from Eqs. (C 8) and (C 10), we obtain
xy;yy Π (2)
xy;xy Π
xy , (C 14) and from Eqs. (C 9) and (C 11), we obtain d dt σ
(1)
xy;xx Π
xy;yy Π
xy;xy Π 
xy , (C 22)
Similarly, the term for l = 2 are evaluated as 
xy , (C 24)
Hence, from Eqs. (C 22) and (C 24), we obtain
αα;xy Π
xy , ( C 28) and from Eqs. (C 23) and (C 25), we obtain
αα;xx Π
αα;yy Π
αα;xy Π 
xy .
(C 37)
Similarly, the terms for l = 2 are evaluated as 
xy , (C 38)
The coefficients of the canonical terms in Eq. (4.31) are evaluated as
Hence, from Eqs. (C 36) and (C 38), we obtain
xx;xy Π
xy , ( C 42) and from Eqs. (C 37) and (C 39), we obtain
xx;xx Π 
( C 51) Similarly, the terms for l = 2 are evaluated as 
xy , (C 52)
Hence, from Eqs. (C 50) and (C 52), we obtain
yy;yy Π (2)
yy;xy Π
xy , ( From Secs. C.1-C.4, the elements of the matrices A (m) (m = 1, 2) and the vector B are evaluated as follows, 
which coincides with the asymptotic numerical solution of the transient equation, supplemented with a relaxation term of the pressure for numerical stability (see Fig. 10 and Appendix D.2). The solution of Eq. (4.31) or (C 2) is is given by
yy , and Π
(1) xy are given in terms of Λ by
(1) * + 0.000168 0.000469ΛP
(1) * + 8.59×10
−5
(0.00332 − 7.58 × 10 −5 Λ)P 
Let us solve the set of equations of O(g 0 (ϕ) 2 ), Eq. (C 1), with time derivatives set to zero. We cast these equations into the form
xy;yy − P where we have defined
This can be solved as
where the numerical factors are given by 
xy by Eq. (D 9). The stress components are determined as
Note that the magnitudes of σ
αβ with (α, β) = (x, y), (x, x), (y, y), (z, z) are proportional to Λ, and the stress ratio µ 0 is independent of Λ.
Next we solve the set of equations of O(g 0 (ϕ)), Eq. (C 2), with time derivatives set to zero. This can be casted into the form
(1) xy;xy
2A
(1) xy;xx
(1) xy;yy − P where we have defined
) 
xy P (1) * + B
yy P (1) * + B
xx;yy ,(D 28) from which P (1) * is determined as 
yy , and Π 
xy;xx σ
xy;yy σ
xy;xx + A
xy;yy ), (D 41)
αα;yy σ (2)
yy;xx σ
yy;yy σ
yy;xx + A
yy;yy ), (D 44) where Σ (2) is defined as
The first terms on the r.h.s. of Eqs. (D 41)-(D 43) correspond to the heating due to shear, and the terms proportional to Σ (2) are the relaxation terms which originate from dissipation.
It should be noted that Eq. (D 42) is singular in a sense that the self-relaxation term proportional to P (2) is absent on the r.h.s.. In contrast, the other equations for σ
xy , σ yy /(ΛΣ (2) ), and P (2) * := P (2) /(ΛΣ (2) ) with Σ (2) := ζγ 4d ϕ * 3 g0(ϕ) 2 , for the case ξ = 0.001. yy (t = 0) = 0, P (2) (t = 0) = 0.01ΛΣ (2) . We confirm that the asymptotic steady values coincide with the analytical solutions, Eq. (D 1).
Next, we numerically solve the transient equations without splitting into O(g 0 (ϕ) 2 ) and O(g 0 (ϕ)), i.e. Eq. (4.28) or (4.29). We choose σ αβ as independent variables as in Eqs. (D 41)-(D 44), and attach a self-relaxation term of the pressure as in Eq. (D 46). We will not explicitly write down the equations and present the result in Fig. 11 . We see that the result with splitting deviates from that without splitting for δϕ = ϕ J − ϕ > 10 −3 . where
is the average kinetic stress and αβ is insensitive to the choice of t * m . We have confirmed that the results are almost insensitive to the shear rate, which exemplifies the Newtonian behavior (cf. Fig 13) . We have also confirmed that, although the magnitude of σ (K) αβ is proportional to ∆t * , it does not exhibit any divergence in approaching the jamming point, which validates Eq. (2.7). We have compared the result of the eventdriven MD simulation with that of soft-sphere MD simulation (γ * = 10 −7 ) and found reasonable agreement between them (cf. Fig. 14) .
Appendix G. Implication of the symmetry
Here we discuss another implication of the symmetry. From Eq. (2.1), the velocity distribution of the particles deviates from the uniform profile of that of the solvent, γy i e x , if the average force is non-vanishing, F where ∆ ij := δ(r ij − d) and Θ ij := Θ(−x ijŷij ). From Eq. (4.25) it is obvious that the first canonical term vanishes (cubic inr ij ). By noting thatσ αβ is quartic inr, the second non-canonical term also vanishes. Hence, the linear profile of the velocity of the particles is preserved in the steady state.
Appendix H. Angular integrals
We collect the results of the angular integrals A pqr;stu and B pqr , defined in Eqs. (C 4) and (C 5). Let us introduce the following spherical coordinate (cf. Fig. 15 ), z = sin θ cos φ, (H 1) x = sin θ sin φ, ( (H 4) Equation (C 4) is a double angular integral with respect tor andr ′ , which can be classified into the two cases depicted in Fig. 16 . Accordingly, it is parametrized as follows, A pqr;stu = 2B pqr C stu , ( Furthermore, B pqr = C pqr holds, so we finally obtain A pqr;stu = 2B pqr B stu .
(H 10)
It should be noted that B pqr = B qpr holds from symmetry. We collect the results of B pqr necessary for our purpose below: There is a problem in evaluating χ 0 4 (t) by a simulation, because Q 0 (t) is ill-defined for a finite system. We follow the method of (Glotzer et al. 2000) and modify Q 0 (t) by an "overlap" function w(r) (Parisi 1997) that is unity inside a region of size a and zero otherwise, where a is chosen on the order of the particle diameter: Here r ij := r i (0) − r j (0), µ i := r i (t) − r i (0) and a is chosen as 0.3 d. Replacing Q 0 (t) by Q(t) yields χ 4 (t) = βV N 2 Q(t) 2 − Q(t) 2 , (I 6) which we have measured by MD simulation (cf. Fig. 9 ).
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